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Flight Control Applications of £; Optimization

Mark Spillman* and D. Brett Ridgely"
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio 45433-7531

The ¢, optimization method is used to handle tracking issues in the design of discrete flight controllers for
a single-input/single-output aircraft longitudinal control problem. The ¢; optimization approach is discussed
theoretically and on a broad conceptual level. Constraints are developed to handle control deflection and rate
limitations,overshoot and undershootlimitations,and steady-state error requirements. The effect of each constraint
is evaluated with simulations of the aircraft model. A closed-loop model-matching design is also presented, which
produces acceptable tracking results with a lower-order controller.

Introduction

GREAT deal of research in optimal flight control design in

recent years has focused on H, and H,, optimization.! Al-
though both methods work well for specific classes of inputs, neither
method adequately handles hard magnitude and time domain con-
straintson the system, such as control deflection limitations, control
rate limitations, and overshoot restrictions in the system response.
The ¢, optimizationmethod,? which minimizes the maximum mag-
nitude of a system’s output to an unknown but bounded magnitude
input, can be used to incorporate hard magnitude constraints on
the system. Because this optimization method is a time domain ap-
proach, it can also address time domain constraints on the system
response.

Dahleh and Diaz-Bobillo*> have done the most comprehensive
work on ¢; optimization to date. In their work, they pose the ¢,
optimization problem as a linear programming problem and solve it
exactly for one-block systems. Three methods for finding approx-
imate solutions to multiblock problems are also presented. Dahleh
and Diaz-Bobillo propose several methods of incorporating con-
trol deflection limitations, control rate limitations, and overshoot;
however, some implementation details are omitted, and few com-
parisons between the different methods are shown. The purpose of
this paper is to investigate and compare different magnitude and
time domain constraints that can be added to the ¢, optimization
problem to produce systems with good tracking characteristics. A
one-blockmodel matching designis also investigatedto see whether
a system with good tracking qualities can be obtained with a lower-
order controller. MATLAB® software was used to conduct this
research.

£; Optimization

The ¢, optimizationproblem was first introduced by Vidyasagar,
but Dahleh and Pearson* are responsible for its more general solu-
tion. The goal of this section is to explain Dahleh and Pearson’s
method of solution, which involves posing the problem as a linear
programming problem. To simplify the explanation, the introduc-
tory development considers the case of one-block problems only.
The changes necessary to find solutions to multiblock problems are
discussed thereafter.

The discrete system in Fig. 1, where r(k) € R" is an exogenous
input sequence of unknown but bounded magnitude and m (k) €
R” is the output sequence to be controlled, represents the standard
£, problem. If ® = F;(P, K) is the closed-loop transfer function
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from m to r, then the objective of ¢, optimization can be written
as

inf
K stabilizing

inf
K stabilizing

@l =

maZi g | (D)

j=1k=0

Several steps must be taken to pose this as a linear programming
problem. First, the nonlinear absolute value function in the norm
calculation must be removed. This is accomplished by a standard
change of variablesusedin linear programming.Let ® = &+ — @,
where ®* and ®~ are sequences of p x n matrices with positive
entries. The norm calculation can then be replaced by

max 0> [0 +9,0)]

j=1k=0

2

which is equal to the norm if, for every (i, j, k), either ™ or ¢~ is
zero. Because ¢ or ¢~ must be zero at the optimal solution, this
substitutionis valid.

Before searchingforthe variables ®* or ®~ thatminimize the one
norm of @, constraintsmust be imposed to ensure that the resulting
@ will be stableandrealizable. These two problems are handled with
the Youla et al.> parameterization. Using this parameterization, ®
canbeexpressedas ® = H—U QV,where H, U, and V are known
and Q is unknown (see Ref. 6 for expressionsfor H, U, and V). For
one-block problems U and V are inner® and, thus, invertible. This
means that Q can be solved for directly, Q = U~'(H — ®)V !,
which makes it easy to see that Q will be stable if and only if the
transfer function (H — @) cancels the unstable zeros of U and V.
In other words, if the unstable zeros of U and V are denoted as a;,
then Q will be stable if and only if ®(a;) = H(a;),forl <i < N.

Further, if ® is written as a function of A, where A = z7!,

by =Y bkt 3)

k=0

Fig.1 Standard¢;
optimization problem.
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then this constraint (for the case of simple zeros) can be expressed
as

1 a a -7 [®0 H(ay)
1 a a - o) H(a,)
) ) A = ) )
1 ®(2) :
1 ay a} H(ay)

OF Afeas @ = byens, which is linear in ®.
With the specified modifications, the ¢; optimization problem
becomes

inf Yy &F (k) + & (k)

k=0
Subject 0 Ageys[DF (k) — B~ (k)] = breas )
d* (k) > 0, b (k)= 0

which is a linear programming problem with an infinite number of
variablesand a finite number of constraints. The correspondingdual
problem has a finite number of variables and an infinite number of
constraints. However, if there are no unstablezerosof U and V onthe
unit circle, at some large enough &, the a* will be small enough that
only a finite number of these constraints will be active.> Thus, the
dual problem is finite dimensional, and an exact solution can be
found. Further, the existence of a solution to the dual problem guar-
antees the existence of the same solution to the primal problem. In
fact, the £, optimizationproblemcan be solved directly in the primal
space by truncating the series in Eq. (5) at a large enough value.

There are a few modifications that must be made to the preceding
formulation for multiblock problems. First, U and V may not be
invertible. However, if the problem is nonsingular, i.e., all of the
controls are penalized and no measurements are perfect, then a left
inverse of U and a right inverse of V will exist, which is all that is
required. Additionally,for multiblock problems, itis the leftunstable
zeros of U and the right unstable zeros of V that must cancel with
zeros of (H — ®).

Multiblock problems have an infinite number of variables as well
as an infinite number of constraints and thus cannot be solved ex-
actly. To counter this problem, Dahleh and Diaz-Bobillo* proposed
three ways to find approximate solutions. The first method, known
as the finitely many variables approach, constrains the polynomial
solution @ to a fixed length. The resulting compensator provides a
suboptimalbut feasible solutionto the problem. The second method,
known as the finitely many equations approach, truncates the num-
ber of dual variables, which is the same as solving the primal prob-
lem with a finite number of constraints. The solution to this problem
is superoptimal and infeasible. The final and most viable method is
known as the delay augmentation (DA ) approximation. This method
is generally considered the best method to use for multiblock prob-
lems since it carries more information about the optimal solution
than the other two approaches.

The DA approach embeds the multiblock problem into a larger
one-block problem by augmenting pure delays to U and V. The
resulting one-block problem, which contains extra degrees of free-
dom in Q, can then be solved exactly. Whereas the solution to this
problemis superoptimal and infeasible, it serves as an upper bound
to the true optimal. To get a feasible solution, the extra degrees of
freedom are simply stripped out of Q. The resulting solutionis sub-
optimal but provides a lower bound to the optimal solution. Thus,
this method produces both a feasible solution and bounds on the
optimal solution.

In later sections, the standard ¢; linear programming problem
is augmented with constraints on the maximum magnitude of the
controlled output to an exogenous step input. These additional con-
straints are posed using the vector £,, norm,

limllo = suplm (k)] ©6)
k

Understanding ¢, Optimization

To answer the question of how best to use ¢; optimization, it
is important to first understand what ¢, optimization is trying to

accomplish. The formal mathematical definition given in the pre-
cedingsectionis notimportanthere; rather,a simple conceptualidea
of how the method works is sufficient. By definition, £, optimization
attempts to minimize the absolute sum of a system’s sampled pulse
response. Conceptually, this optimization method works by push-
ing down on the pulse response from all sides. In other words, both
peak-to-peak gains and long pulse responses are penalized because
both tend to increase the absolute sum.

Because the primary interest is how best to use £; optimization
for tracking problems, it is instructive to examine the unit pulse and
step responsesof a simple discrete system. Consider the continuous
system

- B 1 B —111 -
©=777 1

which, discretized at % Hz using a zero-order hold (ZOH), is equiv-
alent to

0.05(0.95
H(z) = ®)
110

The sampled unit pulse response of this system is shown in Fig. 2.
The one norm of this system can be calculated by inspection. The
total sum of samples 1-4 in Fig. 2 appears to be approximately 1.
Indeed, the one norm for this systemis 1. The unit step response of
the systemin Eq. (8) is also shown in Fig. 2. Notice the distinctrela-
tionship between the unit pulse response and the unit step response.
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Fig.2 Pulse (top) and step (bottom) response of a discrete system.
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If r is the sampled unit step response and £ is the sampled unit pulse
response, then

k
r(k):Zh(j) for  k=1,2,... 9)

j=1

This relationship implies that the faster the pulse response decays
to zero, the quicker the step response reaches its steady-state value.
Because ¢, optimizationpenalizeslong pulse responses, it logically
also penalizes slow unit step responses. This fact and the general
relationship between the unit pulse and unit step responses are par-
ticularly important in using £, optimization for tracking problems.

Design Problem

Hereafter a single-inputkingle-output(SISO) longitudinalmodel
of the AFTI F-16 is used to illustrate various tracking design issues.
This particular design example has a large frequency spread in the
system dynamics (fast actuator dynamics and slow phugoid modes),
which makes for a rather challenging ¢, optimization problem. The
fast dynamics in the system force a fast discretization period to
be chosen, whereas the slow dynamics ensure the system’s pulse
response will decay very slowly. These two factors lead to a large
number of variables required to accurately describe the system’s
pulse response.

The tracking problem is to accurately command a 1-g (always
from trim) normal acceleration of the aircraft. The stabilator is the
only control surface considered in the model, and it is limited to
+25-deg deflection angle and £60-deg/s deflection rate. A linear
model of the aircraftis given in the Appendix.

All simulations are done with sampled-datasystems,i.e., discrete
controllers with continuous system models. Step inputs (from trim)
of 1-g normal acceleration, applied 1 s after simulations are started,
are used to evaluate tracking performance.

Sensitivity Minimization

The goal of most tracking problems is to minimize the error be-
tween the commanded input and the system output. This type of
problemcan be posed as a sensitivityminimizationproblem, such as
the one depictedin Fig. 3. For the AFTI F-16 problem, the exogenous
input r is an unknown commanded normal acceleration input with
maximum magnitude less than or equal to one, and the controlled
outputm is the weighted error between the commanded acceleration
and the actual aircraftacceleration. K is the unknown compensator,
and G is the unweighted plant, described in the last section.

W, is a weighting, which can be used to minimize the error to a
select frequency range of command signals. Choosing an appropri-
ate W,, however, is often a difficult task. For this reason, W, is set
to 1 and alternative methods are explored to replace the frequency
weighting.

An ¢, optimization was performed on the system in Fig. 3. Be-
cause a sensitivity problem places no penalty on control usage, a
small penalty, © = 1 x 1073, was added to ensure the left inverse
of U exists. The optimal closed-loopsystem has a one norm of 2.07
and the controlleris fourth-order. The system responseto a 1-g step
in normal accelerationis shown in Fig. 4. The jags in the response
are a product of the sampled-data simulation. As the sample rate
increases the jags become less apparent.

Notice that the step response is extremely fast. This is mainly
because there was only a small penalty placed on control usage.
However, as discussed in the preceding section, unconstrained ¢,
optimization tends to produce very quick step responses. Plots of

r —.O T K(s) G(s)

Fig.3 Block diagram of ¢; sensitivity.
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Fig.4 Unweighted sensitivity step, control, and control rate responses.

controlusage and rate of control usage are also shown in Fig. 4. The
control usage does not violate the maximum deflection limits, but it
is quite large for only a 1-g change in normal acceleration. Because
the system is linear, it is easy to see that the maximum deflection
limit would be violated for a commanded 2-g change in normal
acceleration. The control rate violates the maximum allowable rate
limitation, even for a very small command.

The controller found would be undesirable for two reasons: first,
the system tracks with a steady-stateerror; second, the level of per-
formance shown in Fig. 4 is unattainable by the AFTI F-16 due to
limitationsin the stabilatorrate of deflection. Before discussinghow
to handle these problems, it is important to discuss some objectives
the tracking solution should achieve. The following list represents
some typical factors that may be important: 1) minimum error to
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low-frequency commands, 2) no violations of control defection and
rate limitations, 3) zero steady-state error to low-frequency com-
mands, 4) minimum overshootand undershoot, and 5) the quickest
response possible given the preceding items.

Item 1 indicates that sensitivity minimization is the proper ob-
jective function for ¢, optimization, but items 2-4 indicate that it
must be done with certain constraints. Item 5 is inherently built
into £; optimization for most problems. Methods of incorporating
items 2-4 without using sensitivity frequency weights are explored
in the sequel. In general, the same problems are encountered in a
weighted sensitivity design. The next section tackles item 2. It cov-
ers three different approaches for adding control deflection and rate
constraints to the error minimization problem.

Control Deflection and Rate Limitations
The preceding section was concerned with solving the one-block
problem

inf ||S]], (10)

K stabilizing

where S is the sensitivity function. This section will first examine
the general two-block problem

(11

S
W.KS||,

K stabilizing

where W, is a weighting on the control usage. The added block
in Eq. (11) can be used to ensure that control deflection or rate
limitations are not violated.

Because the control rate limitations were violated in the last sec-
tion, only rate constraints are added in this section. It turns out that
once the control rate is properly constrained for the AFTI F-16,
the control deflection limitations are not a problem. The ideas pre-
sented subsequently, however, easily extend to penalizing control
deflections alone or to both control rates and deflections.

To change the second block of Eq. (11) to a penalty on controlrate
instead of control usage, an appropriate weight must be chosen for
W.. Clearly, the weighting must be chosenso that it effectively takes
the derivative of the control signal. This problem is best handled
directly in the z domain, with

W()=@@-1/Tz (12)

where T is the sample period. This weighting function, known as
the backward Euler transformation, calculates a finite difference
gradient between discrete pulses. Because the weighting is in the
z domain, the continuous system must be discretized before this
weight can be augmented to the problem.

The first approach to solving the rate-constrained tracking prob-
lem is to multiply each block in the two-block problem by a desired
level of performance. For example, if the one norm of the first block
is desired to be less than y and the maximum control deflection rate

is U,,.., then the problem becomes
(1/r)s
inf 1 13
Kslz}tfillizing W,- KS ( )

Tmax 1

If the resulting one norm of this system is less than 1, then both
levels of performance are achieved. This follows from the previous
assumption that the maximum magnitude of the exogenousinputis
less than or equal to one. If the goal is to find a solution that has
the minimum achievable y without violating the maximum control
rate, this is not the best approach because Eq. (13) would have to
be solved iteratively for y until the resulting system one norm is

exactly 1.
A better approach s to solve the following problem:
_inf ]
stabilizing (14)

subjectto |[W.K S|, < U,

In Eq. (13), the maximum absolute row sum had to be less than 1
to ensure the one norm of the entire system was also less than 1.
In Eq. (14) the individual row sums are separated, with one being
minimized while the other is constrained.

‘max
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Fig.5 Unweighted sensitivity step, control, and control rate responses
with £; constraints on the control rate.

Equation (14) was solved for the AFTI F-16 with control rate
limitations of 200, 100, and 60 deg/s. A plot of the system unit step
response for all three constraintlevelsis shownin Fig. 5. The slowest
response with the largest steady-stateerror correspondsto the actual
stabilatordeflection rate limitation of 60 deg/s. The responsesto the
other two constraint levels are shown for comparison. This type
of plot can also be used for design purposes because it is easy for
the designer to see how much performance can be gained if faster
control actuators are obtained. Plots of the control deflections and
rates are shown in Fig. 5. Notice the control rates are well below
their respective £; constraints for a unit step input.

The one norm of the objective and the compensator orders are
shown in Table 1 for each constraint level. The order of the ¢,
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Table1 Comparison of different £; constraints
on control rate

Constraint, deg/s One norm Controller order
200 2.63 35
100 2.88 38

60 3.17 43

Table2 Comparison of different £,, constraints
on control rate

Constraint, deg/s One norm Controller order
200 2.16 9
100 2.28 13

60 243 19

optimal compensators is directly related to the support length of
the pulse response, i.e., the number of time steps it takes the pulse
response to decay to zero. Because the support length of the pulse
response is related to the time it takes the step response to reach
steady state, it is easy to see why the controllers found using the
described approach have such high orders.

The precedingtwo approachesimposed ¢ constraintson the con-
trol rate. This means that the constraint limitation imposed will not
be exceeded for any input into the system boundedin magnitude by
1. Another less conservativeoption is to ensure that the constraintis
not exceeded for a single class of input such as the step command.
Unlike the ¢, constraints, these £, types of constraintscan only be
used on a finite horizon. In other words, they can only be imposed
over the support length of the solution. In many cases, however,
imposing these constraintsover the first few time steps is sufficient.

To understandhow a constrainton the step response of the system
can be imposed in ¢, optimization, recall the relationship in Eq. (9)
between the unit pulse and unit step response. The step response at
any particular time step is nothing more than the sum of the pulse
response at that time step plus all previous time steps. Therefore, in
terms of the pulse response at each time step, these constraints can
be imposed with very simple Toeplitz matrices, with ones below the
main diagonal and zeros above,

d(1) 1
! 0 = e 09
: . .0 : 1
1 1 1 1 ®(N)

These constraints can easily be augmented to the constraints in
Eq. (4).
The new problem with the augmented step input constraints be-
comes
inf |IS]l,

K stabilizing

(16)
subjectto ||W. K Sw/|l, < U,

‘max

where w/ is a unit step. A plot of the AFTI F-16 normal accelera-
tion step response for control rate constraintlevels of 200, 100, and
60 deg/s is shown in Fig. 6. Again, the slowest response with the
largest steady-state error corresponds to a constraint of 60 deg/s.
Notice that the step responses to this type of constraint are much
quickerand have less steady-stateerror than the £; constraints.Con-
trol deflections and control rates are also shown in Fig. 6. Now the
rates appear to hit the constraintlimits, exceptin the 200-deg/s case.
This is due, however, to the finite differencing used on the rates. In
each case, the rate constraints are active.

The one norm of the objective and the compensator orders are
shown in Table 2 for each constraint level. With this approach,
quickersettling times also lead to lower-order controllers. Although
all of the step responses in this section meet some constraint level
on the control rate, none of them has zero steady-state error. This
issue is addressed in the next section.

25 T T T T T T T T T
2r J
@
=2
§15F E
8
_§ VYN g h o o
g 1
&
z
---- Urmax=200 deg/sec
051 — — Urmax=100 deg/sec 1
—— Urmax=60 deg/sec
o 1 1 1 1 A 1
0 05 25 3 35 4 45 5
Time {saconds)
15

)
¢
=]
@
z
5
3
2
kS
T
b}
32
3
: - Urmax=200 deg/sec
—1o} - — Urmax=100 deg/sec i
— Urmax=690 deg/sec
_15 ! ! ! L L ! s L L
0 0.5 1 15 2 2.5 3 35 4 45 3
Time (seconds)
200 T T T T T T T T T
150 b

-
o
(=

o
o

Stabitator deflaction rate (degrees/sacond)
o

-50
-100 4
-+ Urmax=200 deg/sec
: = = Urmax=100 dog/sec
_150} v — Urmax=60 deg/sec i
_200 ! L ! ! i L ! ! L
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

Time {seconds)

Fig.6 Unweighted sensitivity step, control, and control rate responses
with £, constraints on the control rate.

Steady-State Error and Time-Varying
Exponential Weights

Near zero steady-state error to a step input can be enforced by
using a weighting on sensitivity. This typically causes problems with
control rate usage and overshoot, which then need to be addressed.
Thus, no weight will be added to the sensitivity, and zero steady-
state error to a step input will be enforced by adding an equality
constraint to the £, optimization problem. Recall from Eq. (9) that
the final value of the step response is simply the summation of the
unit pulse response over its entire support length. Therefore, zero
steady-state error to a unit step input is guaranteed if the sum of
the sampled unit pulse response equals zero. This is not an absolute



54 SPILLMAN AND RIDGELY

T ]

-
Y
T

-
N
T
L

Normal acceleration {g's}
o o o
- -] [ Py
L ! !

o
o
L

[ 0.5 1 15 2 25 3 35 4 45 5
Time (seconds)

200 T T T T T T T T T

iy
wn
o
T
L

-

2

o
T
L

o

Stabilator deflection rate (degrecs/second)
(4.
o

% SV

)
<
o

_100 ) ) . . L L . .
0 05 1 1.5 2 25 3 35 4 4.5 5

Time (s.econds)

Fig. 7 Unweighted sensitivity step and control rate responses with
steady-state error and £, control rate constraints.

summation like the norm calculation; it is simply a summation of
the pulse response at each time step. The added equality constraint
takes the form

®(0)
d(1)
. 0 an

o)

This constraint was added to the problem presented in Eq. (16),
with the control rate constraint equal to 60 deg/s. The resulting
solution has an objective one norm of 3.00 and the compensator is
44th order. The system response to a 1-g normal acceleration step
input is shown in Fig. 7 along with the control rate. Clearly, zero
steady-state error is achieved, but the limit on control rate is not
met at the nearly discontinuousjump just after 2 s. Notice that the
response in Fig. 7 is exactly the same as its counterpart in Fig. 6
up until this jump. This happened because the steady-state error
equality constraint was not imposed until the very last time step in
the supportlength.In this system,imposing the constraintany earlier
results in a larger one norm, which the optimization rejects. This
problem can be overcome with time-varying exponential weights
on the norm calculation. Consider multiplying each sampled pulse
response by a*”, where k is the sample index, T is the sample
period, and a > 1. Because this weight gets larger as k gets larger,
it effectively penalizes late errors over early ones.

The preceding system was rerun with a time-varying exponential
weight added to the norm calculation. With a = 1.1, the objective
one norm was 3.59 and the controller was 26th order. A plot of
the system response to a step input is shown in Fig. 8. Adding
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Fig. 8 Unweighted sensitivity step and control rate responses with
steady-state error, £, control rate constraints, and time-varying ex-
ponential weights.

the exponential weights increased the one norm as expected. The
weighting also decreased the settling time and thus the controller
order. The step response at this point now meets all of the criteria
established, except the overshoot issue. This problem is discussed
in the next section.

Overshoot and Undershoot Limitations

Problems with excessive overshoot and undershoot in the step
response can be handled in exactly the same manner as excessive
control deflections and rate violations. To demonstrate this concept,
a very small reductionis done on the overshootfor the step response
shown in Fig. 8. Theoretically, the overshootcan be reduced to any
desiredlevelat the expense of a slowerresponse. However, it was ex-
tremely difficult to find a solution for the problem presented with the
current £; optimization software. The multiblock problem contains
so many constraints and delays that calculation attempts alone are
extremely expensive in terms of computer time. Further, the linear
programmingroutinein the softwarehasdifficulty solving very large
systems of equations, possibly due to scaling problems. The system
response in Fig. 8 has an overshoot of about 80%. An ¢, type con-
straint on the overshoot was added to the problem to ensure that the
overshootwould be less than 70% to a step input. The resulting solu-
tion had an objective one norm of 3.40, and the controller was 28th
order. A plotof the step response with the added constraintis shown
inFig. 9. Figure 10 shows a Bode plotofthe controller. Note the high
gain at low frequency to achieve tracking, as well as the lag-lead be-
havior needed to keep the control usage down and respond quickly.

This step response s still less than ideal; however, all of the tools
to shape and constrain the response are now available. As the £, op-
timization software becomes more reliable and efficient, a designer
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Fig. 10 Bode plot for the controller of Fig. 9.
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should be able to use all of the techniques presented up to this point
to find a compensator that meets all of the tracking requirements.
Unfortunately, this compensator may be extremely high order and
therefore impractical to use. Note that the designs shown up to this
point are not intended to represent the best ones possible. Rather,
they are shown to clearly illustrate the capabilities of £; optimiza-
tion. The next section on model matching demonstrates one way to
use ¢, optimizationand still produce controllersat or aboutthe order
of the original discrete system. Some of the problems encountered
in this final design will be handled with alternativesto the methods
shown up to this point.

Model Matching

One way to counter order inflation in ¢, optimizationis to solvea
one-block problem instead. Because these problems can be solved
exactly, withoutdelay augmentation,theresultingcontrollerstend to
be much smaller (usually about the order of the unweighted plant).
An added benefit to using one-block systems is that they can be
solved much faster and more reliably than multiblock systems with
the current £, optimization software.

Inmany cases, however, the constraintsdiscussedin the preceding
sections cannot be imposed with one-block systems. Therefore, a
one-block system must be chosen that incorporates as many of the
design criteria required for good tracking as possible. One way to
accomplish this objective is to model match the design problem to
a system that has the desired tracking characteristics.

A model-matching design for the SISO AFTI F-16 problem that
has been discussed throughoutis shown in Fig. 11. A small penalty

on control usage, similar to the one discussed earlier, was added
to the system to make the resulting ¢, problem nonsingular. In
Fig. 11, H is the ideal closed-loop model given in continuous time
by H(s) = 4/(s 4+ 4). This closed-loopmodel was chosen because
its step response is relatively quick and has no overshoot and no
steady-state error.

The one norm of the solutionto this designproblemis 0.37 and the
compensatoris fifth order. A plot of the AFTI F-16 step responseto
a commanded 1-g normal acceleration change is shown in Fig. 12,
along with the response of the ideal model. The step response of
the solution is approximately 0.37 g larger than the step response
of the ideal model at steady state. This is because £, optimization
penalizesthe maximum error and does not address steady-stateerror
in this setup. To make the system response match the ideal model’s
response, the commanded normal acceleration has to be multiplied
by a gain. This gain is the reciprocal of the dc gain of the discrete
closed-loop transfer function,

K(2)G(2)

1+ K(2)G(z) (18)

T, (2) =

For this problem, the gain equals 0.73.

Notice that with this particular approach there is no direct way to
ensure the preceding solution will not violate control deflection and
rate limitations. In this problem, the controlrate limits were violated
in the first few time steps. However, the closed-loop system still
performs well if the step input is first passed through a continuous
prefilter equal to

F(s) = 10/(s + 10) (19)

and a rate limiter is added to the control signal. With the added
prefilter, the system sees a smooth continuous approximation of a
step input, rather than a discontinuous step input. The new input is
actually a more realistic representation of a pilot command.

The system was tested with the prefilter, gain adjustments on the
input, and a control rate limiter set at 60 deg/s. The response is
shown in Fig. 13. This response has no overshoot, no steady-state
error and was achieved with a fifth-order controllerand a small gain
on the input. A Bode plot of the resulting controller is shown in
Fig. 14. This controller does not insert high gain at low frequency,

H(s) - O m

r (N K(s) G(s)

Fig. 11 Closed-loop model matching diagram.
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Fig. 12 Model-matching step response.
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Fig. 13 Model-matching step response with scaling factor, prefilter,
and control rate limiter.
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Fig. 14 Bode plot for the controller of Fig. 13.

because zero steady-state error is not enforced by the controller,
but rather by the command gain. This controller also has a lag-lead
structure, as in the constrained sensitivity minimization case. The
vector gain margins (VGM) in decibels and vector phase margins
(VPM)’ in degrees of this system are

—11.4 < VGM < 104, VPM = £42.9
These margins are very high because of a good match to an ideal
model with a good loop shape.

Conclusions

Several methods of using ¢, optimization to solve tracking prob-
lems were presented. Specifically, constraints that could be added
to the standard £, problem to handle control deflection and rate lim-
itations, zero steady-state error requirements, and overshoot limita-
tions were discussed. Although these constraintstheoretically allow
the control designer to tailor a system’s time response, they tend to
lead to multiblock problems and, thus, high-order controllers. These
highly constrained multiblock problems also tend to be computa-
tionally expensive and difficult to solve with the current solution
techniques. If the control designer can restrict the design to a one-
block problem, however, controller orders at or near the order of
the weighted plant are possible. This is because one-block ¢; opti-
mization problems can be solved exactly in this case without DA.
The utility of doing a one-block ¢; optimizationdesign was demon-
strated with a simple model-matching problem.

Appendix: Aircraft Data

The aircraft design model used consists of an actuator servo G,
and the linearized longitudinal equations of motion for the aircraft
G ,, referred to as the core plant. The state-space representation of
the continuous system is found by concatenating the two compo-
nents.

The four states in the longitudinal model are forward speed (u
in feet per second), angle of attack (« in radians), pitch angle (6 in
radians), and pitch rate (g in radians per second). The inputto G, is
the stabilator deflection (8, in radians) and the output is the normal
acceleration (n, in g). G, is given by

u
a
0=
q
—1.485¢ —2 3.738¢ +1 —3.220e + 1 —1.794¢ + 1
—8.000e —5 —1.491e +0 —1.300¢ —3 9.960¢ — 1
0.000e -0 0.000e +0 0.000e +0 1.000e 4+ 0
—3.600e —4 9.753¢+0 2.900e —4 —1.904¢ + 1
u 2.140e — 3
o n —1.880e — 1 s
X
0 0.000e +0 | ¢
q —1.904e + 1
n, =[1.500e —3 3.5264e +1 2.720e —2 —3.340e — 1]
u
o
X 0 + [—4.366¢ + 0]6,
q

The input to G, is the commanded stabilator deflection (6., in radi-
ans), and the output is the stabilator deflection. G, is given by

X, = [—2.000e + 1]x, +[2.000e + 1]6,.

8, = [1.000e + O]x, + [0.000e + 0],

The discreteaircraftplant G equals G, G, discretizedat 30 Hz using
a ZOH.
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